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The object of this report is q-series and their relationship with certain special func-
tions. Firstly, Jackson’s q-analogue of the Euler gamma function is introduced and a
q-analogue for a famous formula of Gauss on products of the gamma function will be
presented. Secondly, Jacobi’s theta functions will be discussed in details and new Landen-
like half argument formulas will be established. As an application, q-trigonometric for-
mulas shall be derived and a new proof for a well-known q-series relation of Jacobi will
be given. Thirdly, an extended Bailey transform will be presented and a variety of new
q-series will deduced as a consequence. Some of these new formulas lead to positivity of
alternating sums of q-series.
Keywords: q-series, q-gamma function, q-trigonometry, Bailey transform, positivity.
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Title and Abstract (in Arabic) 
 اإليجابي التناوب و لالندن، المتشابهة المتساويات عبر كيو مثلثات علم جاوس،-كيو مضروب ناتج
 كيو  لسلسة
 الملخص 
 جاوس لنظرية كيو -تناظرية بعرض سنقوم البداية في. كيو -متسلسلة بتعريف نقوم سوف الرسالة هذه في 
 بقانون شبيهه معادالت سنبرهن و  لجيكوبي ثيتا دالّة نناقش سوف ثانيا  . غاما الدّالة مضروب تتضمن التي الشهيرة
م المثلثية كيو  ِصيَغ بإنشاء سنقوم وكتطبيق. الندن  ثالثا  . المعروفة كيو  سلسلة متطابقات لبعض جديدة إثباتات وسنقدِّ
 إليجابية بعضها يقود والتي كيو  سالسل قوانين من العديد الشتقاق المتوسعة بيلي تحويالت بتطبيق سنقوم وأخيرا  
 .المجاميع تبادل
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Chapter 1: Introduction
This thesis is about q-series which are also called basic hypergeometric series. In addition
to the importance for its own, the theory of q-series has connections with many disciplines
in mathematics. Example of these disciplines are Number theory, real and complex anal-
ysis, combinatorics, and special functions. Great mathematicians such as Euler, Gauss,
Jacobi, and Ramanujan used q-series as a tool to deal with their mathematical activities.
Chapter 2 includes a short survey on Euler gamma function, Jackson’s q-gamma function,
and the proof of the q-analogue of Gauss’ product formula for the gamma function are
introduced. In Chapter 3, Jacobi’s theta functions were presented along with their ba-
sic properties, Landen-like half-argument formulas for theta functions is given, and some
new formulas for Gosper’s q-trigonometric functions are proven, then a different proof
for some well-known q-series identities is provided. In Chapter 4 the work dealt with the
extended Bailey transforms and as an application new q-series relations is derived, some
of which imply positivity results for alternating sums of q-series.
2
Chapter 2: The q-gamma function and the q-analogue for Gauss
formula
The main objective in this chapter is to give a q-analogue for the Gauss product formula
of the gamma function. Firstly a short review of Euler’s gamma function including its
different definitions and its important properties will be given. Next Jackson’s q-analogue
for Euler’s gamma function will be presented. Facts on the gamma function and facts
from complex analysis used in this chapter are all well-known and can be found in [3, 6].
2.1 The gamma function
In this section a survey on Euler’s gamma function along its important properties will
be given. Starting by the definition of the gamma function which was first given by
Weirstrass. The following result follows from complex analysis [3].
Theorem 2.1.1. Let g(z) be an entire function and let {an}∞n=1 be a sequence of nonzero






converges. Then the function









is entire. The infinite product converges uniformly on closed discs |z| ≤ R, has simple
zeros at a1,a2,a3, . . ., has a zero of order k at z = 0 and it has no other zeros. Moreover,
if an entire function f (z) has these properties, then f (z) can be written in the form (2.1).










Note that by Theorem 2.1.1 the function G(z) is entire with simple zeros at the
3








































































































































































So from (2.3) and (2.4) it follows that g′(z) = 0, and thus g(z) is constant. The constant
γ = g(z) is called Euler’s constant. Now Weirstrass’ definition for the gamma function
can be stated.

















Clearly, the function Γ(z) has simple poles at the integers z = 0,−1,−2, . . .. The three
alternative definitions which are all due to Euler.
















z(z+1) · · ·(z+n)
.





Now collect some basis properties of the gamma function.
Proposition 2.1.3. (a) If z ∈ C\{0,−1,−2, . . .}, then Γ(z+1) = zΓ(z).
5
(b) If z ∈ C\{0,−1,−2, . . .}, then Γ(z)Γ(1− z) = πsinπz .
(c) For all z ∈ C\{0,−1,−2, . . .}, it follows Γ(z) 6= 0.
(d) For all positive real x there holds Γ(x)> 0.
Proof. As an illustration, the proofs for parts (a) and (b)are given as follows. As for part











As for part (b), with the help of part (a) and (2.2) it follows












2.2 The Gauss product formula
Firstly, a well-known trigonometric result which is needed to prove the main theorem of
this section is given.
6




















for k = 0,1, . . . ,n−1.
Then
zn−1 = (z−1)(z−ζ1) · · ·(z−ζn−1).
But also by the basic fact
zn−1 = (z−1)(zn−1 + zn−2 + · · ·+ z+1)
Combining the last two identities



































































which is the desired formula.
Now stating and proving the Gauss product identity.































































































Squaring both sides of the previous identity gives

















































where the last formula follows by Lemma 2.2.1. Then the desired identity follows.











2.3 Basic facts on q-series
Throughout this report q will denote a complex number which sometimes is assumed to
be |q| < 1 in order to justify convergence facts. Using the following notation from the
theory of basic hypergeometric series, see Gasper-Rahman [18]. The q-shifted factorials
for complex numbers x,x1, . . . ,xm are given by












































































































q2) · · ·(1− 1
x
q2n−2) = (x−1)(x−q2) · · ·(x−q2n−2)
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Now take limits as x→ 0 to obtain
lim
x→0
xn(x−1;q2)n = (−1)(−q2) · · ·(−q2n−2)
= (−1)nq2 ·q4 · · ·q2n−2 = (−1)nq2+4+···+(2n−2)
= (−1)nqn(n−1)
as desired.
The following result is referred to as the q-binomial Theorem [15] and it is stated here
without proof.










2.4 The q-gamma function and a q-analogue for Gauss’ formula
In this section Jackson’s q-analogue of the gamma function will be introduced and the
q-analogue for Theorem 2.2.2 will be given.





The fact that the function Γq is the q-analogue for the function Γz is given in the
following result. The proof is presented here, which is due to Gosper [19, p. 21], is only
formal as it does not justify some analytic steps. A complete proof for this result was first
given by Koornwinder [22].
Proposition 2.4.1. limq→1− Γq(z) = Γ(z).
12










































= zΓ(z) = Γ(z+1),
where the last but one equality follows from Proposition 2.1.2(a).















which is the special case of Theorem 2.2.2 by letting z = 1n .


















































































































































This completes the proof.
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Chapter 3: A Landen-like identity with applications to Gosper’s
q-trigonometry
3.1 Introduction
In this chapter symmetric identities for certain functions in two variables involving Ja-
cobi’s theta functions were proven. As an application, new half-argument formulas of
the Landen type shall be derived and an identity involving Ramanujan’s theta functions
shall be obtained. To state and prove the main results some well-known background on
Jacobi’s theta functions which were collected in this section are needed. The proofs are
omitted as they can be found in Whittaker-Watson [25] and in Lawden [23]. Throughout
let τ be a complex number in the upper half plane, let q = eπiτ , and let τ ′ =−1
τ
. Note that
the assumption Im(τ)> 0 ensures that |q|< 1.
Definition 3.1.1. The four Jacobi’s theta functions are defined as follows.


























The numbers τ and q respectively are referred to as the parameter and nome of the theta
functions.
Proposition 3.1.1. (a) The function θ1 is odd and the functions θ2, θ3, and θ4 are even.




4(0) = 0, where θ
′
1(z | τ) stands for the derivative of
θ1(z | τ) with respect to the variable z.
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One of the most important properties of theta functions is their infinite product
representations which has been given now.
Proposition 3.1.2.
θ1(z | τ) = iq
1
4 e−iz(q2e−2iz,e2iz,q2;q2)∞,
θ2(z | τ) = q
1
4 e−iz(−q2e−2iz,−e2iz,q2;q2)∞,
θ3(z | τ) = (−qe2iz,−qe−2iz,q2;q2)∞,
θ4(z | τ) = (qe2iz,qe−2iz,q2;q2)∞.
(3.1)
It is well-known that the four theta functions are connected to each other through
the following relations.
Proposition 3.1.3. There holds



























Note that due to Proposition 3.1.3, any property of any one of the four theta func-
tions gives rise to corresponding properties involving the remaining other theta functions.
This applies in particular to the following basic properties on the function θ1(z | τ) which
is needed in this chapter along with with its companions.
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Proposition 3.1.4.
θ1(kπ | τ) = 0 (k ∈ Z),
θ1(z+π | τ) =−θ1(z | τ), (3.3)














Also the following Jacobi imaginary transformations for theta functions is needed.
Proposition 3.1.5.




π θ1(zτ | τ),




π θ4(zτ | τ),




π θ3(zτ | τ),




π θ2(zτ | τ).
(3.4)
Proposition 3.1.6. There holds
θ
′







1(0 | τ) = θ2(0 | τ)θ3(0 | τ)θ4(0 | τ) = 2q
1
4 (q2;q2)3, (3.6)









Landen’s Transformations for theta functions include the following two half-angle
formulas [23, p. 18].
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Proposition 3.1.7.
θ1(2u | 2τ) =
θ1(u | τ)θ2(u | τ)√
θ3(0 | τ)θ4(0 | τ)
θ4(2u | 2τ) =
θ3(u | τ)θ4(u | τ)√
θ3(0 | τ)θ4(0 | τ)
.
(3.8)
3.2 Landen-like theta identities
Definition 3.2.1. A function f (u,v) in two variables is said to be symmetric in u and v if
f (u,v) = f (v,u).
Definition 3.2.2. For i, j = 1,2,3,4, and complex number u and v, let
Si, j(u,v) =






θ j(v | τ)
and Zi, j(u,v) =








The following result is needed.
Theorem 3.2.1. (El Bachraoui) [10] Let n be a positive integer and let f (u) be an entire
function such that








n e−2iu f (u).






































































































Letting z = 0 in (3.9) gives


















































































































































































































































and its right hand-side is clearly symmetric in u and v, part (a) follows. Proofs for parts (b,
c) follow similarly and are therefore omitted.
20
Theorem 3.2.3. For any complex number u,
(a) θ 22 (u | τ) =
(
θ ′1(0 | τ)




1 (u | 2τ)θ 22 (u | 2τ)
+
θ 22 (0 | τ)
θ 42 (0 | 2τ)
θ
4
2 (u | 2τ)
(b) θ 21 (u | τ) =
(
θ ′1(0 | τ)




1 (u | 2τ)θ 22 (u | 2τ)
+
θ 22 (0 | τ)
θ 42 (0 | 2τ)
θ
4
1 (u | 2τ)
(c) θ 22 (u | τ)−θ 21 (u | τ) =
θ 22 (0 | τ)




2 (u | 2τ)−θ 41 (u | 2τ)
)
.
Proof. Recall that part (a) of Theorem 3.2.2 with τ replaced by 2τ means
(



















Take the limit as v→ 0 in the foregoing formula to obtain
θ
2
1 (u | 2τ)
(
θ ′1(0 | τ)
θ ′1(0 | 2τ)
)2










Now solve for θ 22 (u | τ) and simplify to deduce the desired identity in part (a). As for part
(b), it follows from the previous part by incrementing u by u+ π2 . As to part (c), it simply
follows by subtracting part (b) from part (a).
Now lets state and prove the half-argument formulas which are clearly different
from Landen’s transformations (3.8).
21
Theorem 3.2.4. For any complex number u, then
(a) θ 24 (2u | 2τ) =
θ 24 (u | τ)
θ 24 (0 | τ)
(
θ 24 (0 | 2τ)
θ 24 (0 | τ)
θ
2
4 (u | τ)−4q
1
2 (−q2;q2)6∞θ 21 (u | τ)
)
(b) θ 21 (2u | 2τ) =
θ 21 (u | τ)
θ 24 (0 | τ)
(
−
θ 24 (0 | 2τ)
θ 24 (0 | τ)
θ
2
1 (u | τ)+4q
1
2 (−q2;q2)6∞θ 24 (u | τ)
)
(c) θ 24 (2u | 2τ)+θ 21 (2u | 2τ) =
θ 24 (0 | 2τ)




4 (u | τ)−θ 41 (u | τ)
)
.
Proof. The identity in part (a) is the dual of the first formula in Theorem 3.2.3 and estab-
lishing it as follows. Firstly, substitute in part (a) of Theorem 3.2.3 u by u
τ


























































which with the help of (3.4) and (3.5) and simplification means
θ
2
4 (2u | 2τ) =
θ 24 (u | τ)
θ 24 (0 | τ)
(
θ 24 (0 | 2τ)
θ 24 (0 | τ)
θ
2
4 (u | τ)−4q1/2(−q2;q2)6∞θ 21 (u | τ)
)
.
This proves part (a). Similarly, part (b) follows as the dual of the second identity in
Theorem 3.2.3. Finally, part (c)is obtained by adding the formulas of parts (a) and (b).
3.3 Applications to q-trigonometry
The main objective of this section is to prove some formulas involving Gosper’s q-trigonometric
functions [19] which are not among his list of identities.
Definition 3.3.1. Gosper [19] as q-analogues for the functions sinz and cosz respectively
22













Just as the functions sinz and cosz, using the properties of Jacobi’s theta function,
one can verify the following basic facts on sinq z and cosq z.




− z) = cosq(z), sinq kπ = 0 (k ∈ Z),
sinq(π + z) =−sinq(z) = sinq(−z),








sin′q(π− z) =−sin′q(z), cos′q(π− z) = cos′q(z).
Gosper [19] as q-analogues for the identities
cos2u = cos2 u− sin2 u and cos2u = cos4 u− sin4 u
conjectured that
cosq 2u = cos2q2 u− sin
2
q2 u and cosq 2u = cos
4
q u− sin4q u. (3.13)
Proofs for these conjecture were given in [9, 11]. Note that from (3.13)




For other references dealing with Gosper’s conjectures and identities, example [1, 20, 24].
The main theorem in this section gives more information about the connections between
cos4q u and cos
2
q u and between sin
4
q u and sin
2
q u.
Theorem 3.3.2. There holds
















Proof. Solving in Theorem 3.2.3(a) for θ 42 (u | 2τ) and replacing τ by τ ′ it follows
θ
4
2 (u | 2τ ′) =
θ 42 (0 | 2τ ′)




2 (u | τ ′)−
( θ ′1(0 | τ ′)




1 (u | 2τ ′)θ 22 (u | 2τ ′)
)





u = cos2q u−
(θ2(0 | 2τ ′)
θ ′1(0 | 2τ ′)
)2(θ ′1(0 | τ ′)




































to deduce from (3.14) the desired formula in part (a). Part (b) follows similarly by an
24
application of Theorem 3.2.3(b).
3.4 Applications to q-series
Finally reaching the q-series identity.
Theorem 3.4.1.
(−q;q2)4∞− (q;q2)4∞ = 8q(−q2;q2)2∞(−q4;q4)4∞.








































































θ 22 (u | τ)
θ
2





θ 23 (v | τ)θ 24 (v | τ)
θ
4





θ 43 (v | τ)
θ
2
2 (u | τ)θ 21 (u | τ)
+
θ 24 (v | τ)


























θ 43 (v | τ)
θ
2







θ 24 (v | τ)
































Now in the previous formula cancel 4q
1














This by repeatedly appealing to (3.15) along with simplification means
(−q;q2)4∞(−q;q)6∞−8q(−q;q)6∞(−q2;q4)2∞(−q4;q4)6∞ = (−q;q)2∞.








which is the desired identity.
Note that the formula in Theorem 3.4.1 is equivalent to [15, (3.6.5)]. Note also that the
proof for Theorem 3.4.1 can easily be adapted to establish the following famous formula
of Jacobi [25, p. 470]
(q;q2)8∞ +16q(−q2;q2)8∞ = (−q;q2)8∞. (3.16)
27
Chapter 4: Bailey-like transforms and applications
In this chapter two extended Bailey transforms will be presented and applied to derive
new q-series. Among the application a positivity result for alternating sums of q-series
is proved and some new q-series identities were derived. Noting that the results in this
chapter can be found in AboTouk, Al Houchan, ElBachraoui [2].
4.1 Two extensions of the Bailey transform



















For a survey on Bailey’s transform along with applications and referring for instance to
[5, 7, 14]. the following extension of the previous result is presented.















































which proves the result.
Another more general form of the Bailey transform is the following result whose similar
proof is omitted.
Lemma 4.1.2. Let a,s and z be positive integers and let {An}∞n=0, {Bn}∞n=0, {Cn}∞n=0,
{Dn}∞n=0, {Un}∞n=0, {Vn}∞n=0, {Xn}∞n=0, and {Yn}∞n=0 be sequences of complex numbers.





















Note that the case d = e = m = 1 in Lemma 4.1.1 and the case z = s = a = 1 with (Xn) and
(Yn) being the constant sequences with value 1 in Lemma 4.1.2 give the classical Bailey
29
transform [13].
4.2 Positive alternating sums of q-series through Lemma 4.1.1
A power series ∑∞n=0 anq
n is said to be positive if its coefficients an are nonnegative.
Positive q-series have received much interest in recent years due to their combinatorial





























p(n− j(3 j+1)/2)− p(n− j(3 j+5)/2−1)
)
≥ 0








The following contribution in this direction.




















































































































































































































































































































































































































































































Proof. The corollary follows immediately as the left-hand side of the formula in Theorem














and its right-hand side has non-negative coefficients.
4.3 Some new q-series through Lemma 4.1.2
To prove the main results in this section the q-binomial formula and its consequence [18,




































































































































































































































































Proof. Part (a) follows by letting in (4.12) a→ 0, part (b) by letting b = 0, and part (c) by
letting b =−aq2. Part (d) follows from part (b) by equating the coefficients of an, keeping









































































































This completes the proof.
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